Risk analysis of swell and shrinkage is essential to properly evaluate engineering stability and safety of expansive soils. Herein a novel model for risk analysis of swell and shrinkage of expansive soils was proposed by means of coupling set pair analysis with stochastic simulation of triangular fuzzy numbers. A concept of multi-element connection number for a set pair, which consisted of measured evaluation index sets and classification standard sets of shrink and expansion grade, was described to express hierarchy and fuzziness of membership between the evaluation sample and the classification standard. Moreover, triangular fuzzy numbers simulated by the stochastic simulation method were presented to depict the changing process and fuzziness of component coefficients of discrepancy degree. Combined with the weight of the evaluation index, integrated connection number was calculated to specify the swell and shrinkage grade of the evaluation sample. A confidence level of evaluation result was also given corresponding to a confidence interval. Finally, a practical example was used to confirm and to compare with the fuzzy mathematic method and extension method. The results show that this presented method is more feasible and easy to operate, and the result is good. It can provide a reliable degree of evaluation results for risk design and risk management of projects on expansive soils.
Introduction
Expansive soil are one type of special clay where there are noticeable changes in volume when the soil swells as it absorbs water or shrinks when it dries. Differential movements due to the seasonal swell and shrinkage of expansive soils cause enormous damage to buildings and structures. The history of damage cases induced by expansive soils indicates that the wrong evaluation of expansive soil could lead to harm to the project or cause the huge economic losses. In addition, the classification of shrink and expansion for the expansive soil is of great importance for the foundation treatment. Consequently, risk analysis of the grade of swell and shrinkage is essential to ensure the safety and the stability of structure built on the expansive soils. However, the expansive soils in different areas have specific physical characteristics and engineering features due to the difference of components and environments. The risk evaluation of shrink and expansion for the expansive soil is a comprehensive uncertainty system problem because the influenced factors, which change with the time and locale, always behave with the characteristics of fuzziness and uncertainty. The traditional methods used to assess the swell and shrinkage grade of expansive soils are often difficult to interpret and may not reflect these uncertainty characteristics. Therefore, there is a need for the development of suitable methods for analyzing the swell and shrinkage classification for expansive soils.
The classification of the shrink and expansion for expansive soil has not been well overcome up to now. Although some researchers introduced empirical or semi-empirical methods to classify the grade of shrink and expansion for expansive soil, those methods are large numbers of empirical relations, which are confined to their origin locale and are based on assumed final moisture conditions, and are limited in their application [1, 2] . Some researchers introduced the fuzzy mathematics method, gray correlation analysis method, support vector machines method, neural network method and extension method to make up for the above flaws of the empirical and semi-empirical methods [3] [4] [5] [6] [7] [8] . Though those methods can be applied in practice to a certain degree, but almost all have shortcomings. The fuzzy mathematic methods cannot specify the tendency to the other grade. The neural network method and the support vector machines method have the drawback of the problem of knowledge acquisition bottle-necks. The extension method is capable of reflecting actual characteristics of expansive soil, but it may omit some important constraint conditions, which will lead to wrong evaluation results. In addition, the computation processes of those methods are complex, optimization abilities are weak, and they cannot provide the reliability degree of evaluation results. To address these shortcomings, a risk analysis method using set pair analysis theory (SPA) and triangular fuzzy numbers was discussed in this paper.
The objective of this paper is to establish a reasonable, objective risk method used to classify the grade of shrink and expansion for expansive soils by means of coupling the set pair analysis with stochastic simulation of triangular fuzzy numbers. Moreover, a practical example is given to investigate feasibility and effectiveness of this proposed method.
Brief introduction of set pair analysis and triangular fuzzy numbers

Brief introduction of SPA method
The set pair analysis theory, put forward by Chinese scholar Zhao in 1989 [9] , is a new methodology to describe and process system uncertainty based on the point of view in unity and opposition. This system analysis method is consistent with the dialectics of nature and human ways of thinking, and can identify effectively the relation of unity and the opposites of certainty and uncertainty system in spite of its simple and clear evaluated procedure. Now it has been widely applied to analyze uncertain engineering problems [9] [10] [11] . The results from our research have fully indicated that SPA may be considered as a new uncertainty analysis approach and can be used to analyze the internal relationship of a given system from both its whole and part [10, 11] .
Set pair and connection number are basic concepts in the theory of SPA. Set pair is a pair of two related sets. The connection number which can depict the philosophy unity and opposite law, the objective law of intermediary transition, and the viewpoint of universal relation is used to express the certain relation of two sets. Let a set pair H = (A, B) constructed by two sets A and B, which both have total of N attributes, and there are identical terms of S and P contrary attributes in H, residual attributes F = N − S − P are neither mutual nor opposite, then the uncertainty relation of the two sets can be depicted and judged using a three-element connection number. For the evaluation of swell and shrinkage of expansive soil, the set pair H (A, B) consists of set A, which is consists of each measure evaluation values and set B which is composed of the evaluation index values of the corresponding classification grade. The corresponding function of connection number is written as below,
where, i is an uncertain number, i ∈ [−1, 1], sometimes it only plays the mark of difference, it can be used as a sign of uncertainty in the case of macro-analysis, j is the sign of a contrary or an arbitrary positive number, which has a value of −1 in this paper. S/N , F /N, P/N are identical degree, discrepancy degree and contrary degree, respectively. They are nonnegative and satisfy the unitary condition, and usually use a, b and c to denote them respectively, and a + b + c = 1. So Eq.
(1) can be given as,
In general, a and cj are relative certain items, but bi is an item reflecting the uncertainty information. According to the uncertainty type and the subset of A or B, a, bi and cj can be further expanded, such as bi expanded as
, the function (2) can be defined as a multi-element connection number. Namely,
where a k , b k and c k are specified as identical degree component, discrepancy degree component, and contrary degree component, respectively. And they fulfill the condition,
And i k and j k are component coefficients of discrepancy and contrary degree, respectively. Thus, although the expression of connection degree may be simple, the connection number can not only reflect the relationship of the overall structure, but also a k , b k , c k can reflect the relationship of the subtle internal structure of sets A and B. It may be seen that the connection degree can be capable of showing the relationship structure clearly; revealing quantitatively more characteristics in the complex relationship; and giving the changeable value of comprehensive relationship, which may depend on required different standards or properly selected i or j. It is also concluded that this proposed method could overcome the drawbacks of such traditional forms of relationship as correlation coefficient, subordinate degree or gray correlation degree of a single index only. Therefore, for a certain problem, the process of SPA is to conduct identical, different and contrary analysis of characteristics of set pairs, and to depict the system uncertainty by means of connection numbers.
Triangular fuzzy numbers
When there are few data materials or data accuracy is not high, to improve the evaluation reliability and accuracy, triangular fuzzy numbers are often used to avoid losing useful information during the calculating process, and to greatest possible level express the fuzziness, randomness and the uncertainty of the discussed objective. By the above discussion, how to specify the uncertainty item bi of connection number is a difficult problem. Consequently, triangular fuzzy numbers were introduced to analyze the uncertainty of the discrepancy degree of the connection number for the set pair. The definition of triangular fuzzy numbers used in this paper is illustrated as follows.
Suppose a fuzzy number F of the real domain R with membership function µ C (x) :
then F is called a triangular fuzzy number marked as F = (ξ , ζ , θ ). When ξ = ζ = θ , F is a real number.
Coupling risk evaluation model
Basic principle
Based on the theory of set pair analysis and stochastic simulation of triangular fuzzy numbers, the basic principle of the coupling risk model used to assess expansive soil is described as follows. Firstly, a mathematical expression of multielement connection number of the set pair is constructed to express the hierarchy and fuzziness of membership between the evaluation sample and the classification standard. The set pair consists of the measured value set of evaluation indexes and the classification grade set. Then the triangular fuzzy numbers simulated by the Monte Carlo method were used to depict the changing process and fuzziness of component coefficients of discrepancy degree. Finally, combined with the weights of evaluation indexes, the integrated connection numbers were calculated to assess the swell and shrinkage classification for expansive soil of the sample, and a risk analysis model was described to calculate the grade of shrink and expansion for the expansive soil in form of a confidence interval corresponding to a confidence level. The operational flowchart of this proposed model is depicted as shown in Fig. 1. 
Evaluation procedure
The concrete steps of this novel risk model were expressed as follows:
Step 1: Establish a set pair H for the practical evaluation sample. For the evaluation of shrink and expansion of the expansive soil, the set pair H (A, B) consists of the set A, which is composed of measured index value x ij (sample number i = 1-n, evaluation index number j = 1-m), and the set B which is composed of the classification grade standard of each index.
Step 2: Definition of the expression of connection number based on the hierarchy of the identical-discrepancy-contrary analysis system. Fig. 2 illustrates the structure of identical, different and contrary system for the risk analysis of the grade of shrink and expansion of expansive soil. It depicts a first overall relation of tradition identical-discrepancy-contrary. It also indicates the internal subtle structure, such as identity relationship divided into identity and discrepancy inclined to identity, discrepancy relationship divided into discrepancy inclined to identical degree and discrepancy degree inclined to contrary, contrary divided into contrary inclined to discrepancy and contrary with respect to the corresponding classification grade standard.
In order to illustrate the SPA process of the swell and shrinkage classification for expansive soils, suppose an uncertain connection degree between a measured evaluation index and corresponding classification criteria of 4 grades. From the Fig. 2 , if the measured index value is located within range value of grade 1 for the corresponding index classification criteria, then the connection degree was made up of identical degree, identical degree inclined to discrepancy degree, discrepancy degree inclined to identical degree. If the measured index value is located within the corresponding grade 2, then the connection degree consists of identical degree inclined to discrepancy degree, discrepancy degree inclined to identical degree, and discrepancy degree inclined to contrary degree. If the measured index value is located within the corresponding grade 3, then the connection degree is made up of discrepancy degree inclined to identical degree, discrepancy degree inclined to contrary degree and contrary degree inclined to discrepancy degree. If the measured index value is located within the corresponding grade 4, then the connection degree consists of discrepancy degree inclined to contrary degree, contrary degree inclined to discrepancy degree and contrary degree. In a similar way, the relationships between the other evaluation indexes and the indexes of classification criteria can be analyzed to obtain the quantitative expression of internal hierarchy and fuzziness and the corresponding connection degree. Thus the expression of connection number for four grade classification can be depicted by mean of a six-element connection number. The expression was written as,
where, a 1 , a 2 , b 1 , b 2 , c 1 and c 2 are identical degree, identical degree inclined to discrepancy degree, discrepancy degree inclined to identical degree, discrepancy degree inclined to contrary degree, contrary degree inclined to discrepancy degree, and contrary degree, respectively, i 1 , and i 2 are component coefficients of discrepancy degree inclined to identical degree, discrepancy degree inclined to contrary degree, respectively, j 1 and j 2 are component coefficients of contrary degree inclined to discrepancy degree, and contrary degree, respectively, herein took −1. According to the evaluation values of samples x ij and the limiting values of evaluation criteria grade, s kj , the expansion of the formula (6) was further given by,
Step 3: Specification of component coefficients of discrepancy degree by means of stochastic simulation of triangular fuzzy numbers. When the variables of component coefficients of discrepancy degree are subjected to normal distribution, the corresponding variable can be transformed into triangular fuzzy numbers according to the following discussed transformation principle of fuzzy variables into triangular numbers. A detailed process can be found in the following section.
Step 4: Combined with the index weight, w j , the integrated connection number, y ik , was calculated to specify the grade of shrink and expansion for the expansive soil. The evaluation model was described as below, g ik = 2.5 − 1.5y ik , (8) 
where, g ik is the evaluation grade value of the kth simulation, w j is the index weight.
Step 5: Risk analysis of the swell and shrinkage classification for the expansive soil. Arrange the calculated grade g ik (k = l-N) in a descending order, then a confidence degree of the evaluation grade can be obtained through the following formula,
where, P k is experience cumulative frequency of the evaluation in form of confidence interval, l, h is the serial number corresponding to the lower, upper limit of confidence interval. This is the procedure of the suggested risk analysis method. It reduces the complexity of the issue by avoiding the specification of the uncertain component coefficients of discrepancy in Eqs. (6) and (7).
Stochastic simulation of discrepancy factors expressed in triangular fuzzy numbers
Basic principle
Based on the above discussion, how to specify the discrepancy factor during the evaluation process plays a key role. It is well known that the evaluation index variables are usually subjected to normal distribution. In addition, the fuzzy reliability questions are usually transformed into conventional reliability questions in order to use the mature stochastic reliable methods. Thus to easily use this proposed method, herein a common method used to transform the variable subjected to normal distribution or symmetric triangular distribution into triangular fuzzy numbers was discussed. From the former reports the common method of 3σ criterion was used to transform approximately the normal distribution membership function into the equivalent symmetrical triangular distribution. Although it is simple and easy to operate, it cannot ensure that the equivalent symmetrical triangular distribution function is the same as the normal distribution function in shape. That will result in large errors and even mistakes. Herein, a maximum-minimum method is presented to overcome this shortcoming, and to provide the fuzzy random probability according to a fuzzy random reliability analysis method.
Suppose the fuzzy variable x (for example: component coefficients of discrepancy degree) is subjected to normal distribution N (µ, σ 2 ), the corresponding membership function is given as follows,
where x is the possible value of analysis variable in the variable domain.
If an appropriate central value, M in the range of equivalent triangular membership function with respect to the fuzzy normal distribution, {M −R ≤ x ≤ M +R} was taken, the distribution range of triangular membership function, µ I (x) would be specified to replace the normal distribution, µ J (x). Namely, the maximum value of
In this paper take M = µ, the corresponding optimization model used to ensure the maximum value of
  to minimum was given as below,
Thus through the specification of R, the approximate symmetric triangular membership function can be obtained. Even if the variable was a non-normal distribution function, the corresponding equivalent triangular membership function may also be obtained according to the above optimization model. Therefore this discussed principle has provided the application foundation of the presented method for the risk analysis.
Stochastic simulation of triangular fuzzy numbers
For the general process of the multiplication, division and function operation for the triangular fuzzy number, it will result in errors when the operation results were considered a linear triangular fuzzy number to calculate. The truncation set method can overcome the shortcoming of the triangular fuzzy number, but the process is complex, and not suitable for the function operation triangle fuzzy number. Therefore, herein the Monte Carlo method was presented to simulate triangular fuzzy numbers for transforming the operations of triangular fuzzy numbers and their functions into the conventional operations of real numbers because this proposed method can obtain the useful information during the data mining of uncertainty systems, and improve the accuracy and the reliability of evaluation results. Namely, the massive simulation sample series discrepancy factors were produced by stochastic simulations, and then the component coefficients of discrepancy degrees i k were given.
Suppose that α 1 , α 2 and α 3 are minimum value, most probable number and maximum value of triangular fuzzy numbers I, for the component coefficients of discrepancy degree i k , respectively, then the fuzzy variable I can be written as a triangular fuzzy number I = (α 1 , α 2 , α 3 ), a 1 ≤ a 2 ≤ a 3 . Herein, the triangular fuzzy numbers F 1 (−1/3, 1/3, 1.0) and F 2 (−1, −1/3, 1/3) were used to express the changing process of component coefficients of discrepancy degree for the set pair. The responding membership function is given by,
where i is the possible value of the fuzzy variable in the universe. Based on the Eq. (13), the probability density of the triangular fuzzy number can be obtained as follows,
Then by means of the inverse transformation method, the stochastic simulation formula used to specify the possible value of variable can be obtained by,
where, ψ is a uniform distribution random number on sector [0, 1]. The process of stochastic simulation of i is that after produced a series of uniformly distributed random numbers ψ 1 , ψ 2 , . . . , ψ m (m is test number) in the interval [0, 1] through a computer program, then substitute these random numbers into the formula (15), and get a large number of simulated series i k1 , i k2 , . . . , i km . Obviously, by this method the operation of the triangular fuzzy number and its functions can be simplified to operation of the real numbers. For the variable subjected to normal distribution or non-normal distribution, before the stochastic simulation the variable should be transformed into triangular fuzzy number distribution according to the rule discussed above.
Case study
In order to confirm the reliability and the validity of this presented risk analysis model, the data of [7, 8] was used to conduct a case study. Based on previous research, liquid limit, w L , (j = 1), total swelling-shrinkage e pa , (j = 2), plasticity index, I p , (j = 3), natural water content, ω (%), (j = 4), free swelling rate, F S , (j = 5) were chosen as evaluation indexes.
These indexes, easy to obtain and operate are capable to reflect the main influenced factors of the discussed problem. The grade of shrink and expansion was divided into 4 kinds of rank, extreme high I, high II, moderate III, and low IV. The classification grade standard of each index and the measured index values of samples, were listed in Tables 1 and 2, respectively.
In order to compare the results with the fuzzy mathematic method and the extension method, the index weighs, w j , in the [7, 8] were used. Thereby, substituting the measured index values of the samples into Eqs. (7)- (9) and (15), we got the evaluation grade for single simulation, and then through (10) obtained the evaluation grade interval responding to a confidence degree. According to many training tests, we found that the computation could reach convergence when the Table 4 Results of practical sample and comparison.
Sample i Proposed method Ref. [7] Ref. Tables 3 and 4 . The comparisons of the assessment results with the fuzzy mathematic method [7] and the matter element method [8] are also shown in Table 4 . It was found from Table 4 that the results from the proposed model did agree well with the actual situation of samples and results from the fuzzy mathematic method and the extension method except for the sample 1. However, for the sample 1, there are three indexes belong to the grade II according to the classification standard. It is obvious that the grade II for the sample 1 much more really reflected the characteristics of expansive soil. From Table 3 , it is found that the reliability degree of sample 1 belong to the grade II is 71.7%. Therefore, the proposed method used to assess the grade of shrink and expansion for the expansive soil is feasible and effective, and convenient to operate. And it has a specific and significant advantage, namely not only considering the fuzziness of the standard grade, but also avoiding the difficulty in determining the discrepancy uncertainty coefficient. It also can make up for the shortcoming of traditional evaluation methods; providing reliable data from evaluation results. Obviously, this proposed method can mine the subjective and objective uncertainty information between the measured value of evaluation indexes and classification standards of grade.
Conclusions
The risk evaluation of swell and shrinkage for expansive soils is very complex because the expansive soils undergo volume increases upon wetting, and volume decreases upon drying, besides the evaluation indices are coupling or overlapping uncertainty and certainty information. A novel risk model based on the theory of SPA and stochastic simulation of triangular fuzzy number, which can provide evaluation grade in form of confidence interval, was proposed for the analysis of expansive soils. The application of practical examples and comparison of results with the fuzzy mathematic method and the extension method show that this proposed risk method is effective and simple. It can make full use of the information of evaluation index and the grade classification standard. It also can provide the credible degree of evaluation result for the risk design and risk analysis of projects on the expansive soils.
